We demonstrate the usefulness of flavour neutrino masses expressed in terms of Mee, Meµ and Meτ . The analytical expressions for the flavour neutrino masses, mass eigenstates and physical CP-violating Majorana phases for texture two zeros are obtained exactly.
In this article, we would like to remind you about the useful formulae for the flavour neutrino masses expressed in terms of M ee , M eµ , M eτ . In Sec.II, we show the useful formulae. In Sec.III, to demonstrate the usefulness of flavour neutrino masses expressed in terms of M ee , M eµ and M eτ , we use the formulae to find exact analytical expressions for flavour neutrino masses, mass eigenstates and CP-violating Majorana phases in the texture two zeros. To confirm results of our discussions more concretely, we study the following three subjects based on numerical and semi-analytical calculations: (1) the consistency between our results and conclusions obtained from other papers, (2) the upper limit of the effective Majorana neutrino mass for the neutrino less double beta decay for maximal Dirac CP-violation and (3) the dependence of the CP-violating Majorana phases on the CP-violating Dirac phase. The final section Sec.IV is devoted to summary.
II. FORMULAE A. Formulae
We summarise the useful formulae found in Ref [7] . We adopt the standard parameterization of the unitary matrix U = U 0 K [8] 
and K = diag(e iφ1/2 , e iφ2/2 , e iφ3/2 ),
where c ij = cos θ ij and s ij = sin θ ij (as well as t ij = tan θ ij ) and θ ij represents the ν i -ν j mixing angle (i, j=1,2,3) . The phases φ 1,2,3 stand for the Majorana phases. The physical Majorana CP-violation is specified by two combinations made of φ 1 , φ 2 , φ 3 such as α i = φ i − φ 1 in place of φ i in K [5] :
There are alternative parameterizations of the unitary matrix U . There are nine parametrizations of U 0 in the general case [9] . Because the reactor mixing angle is small (sin 2 θ 13 ≪ 1), the following four patterns (as well as the standard pattern U PDG 0 in Eq. (5)) are of great interest: 
and
Since experimental analyses of neutrino oscillations are based on U PDG 0 K, numerical values of the mixing angles other than U PDG 0 K need to be modified such as 
where
Roughly speaking, except for the sign of δ, Eq. (17) . The neutrino masses turn out to be:
There is no simple relationship between Eq. (11) and Eq. (19) realized by replacement of the masses and the mixing angles. It will be interesting to discuss the phase structure of M determined by these different U 's because there appear to be the different dependence of δ from the one derived by U PDG 0
. Since predictions of m 1,2,3 in various U 's are expected to be quite different from those by U PDG 0 as have been learned from the comparison between Eq. (11) and Eq. (19) , the Majorana phases may give different behaviors from those predicted by U PDG 0 . However, to discuss experimental allowed regions for CP-violating phases including δ as well as θ 12, 23, 13 in U I,II,III,IV 0 is beyond the scope of the present discussions. Moreover, there is another parameterization induced by three Dirac CP-violating phases γ 23 , γ 13 , γ 12 without explicitly referring to Majorana phases [10] :
wheres ij = s ij e −iγij . All three Dirac CP-violating phases γ 23, 13, 12 are physical. These Dirac CP-violating phases are related to the phases in the PDG version as γ 13 = δ − α 3 /2, γ 12 = α 2 /2 and γ 23 = (α 3 − α 2 )/2 [11] . The advantages of choosing γ 23, 13, 12 instead of δ, α 2 , α 3 have been discussed in Refs. [10, 11] . For an example, this alternative parameterization provides that only the two Majorana phases appear in the effective Majorana neutrino mass for the neutrino less double beta decay. Since constraints on δ and α 2 , α 3 to be derived in Sec.III can be readily converted to those on γ's, we use the PDG parameterisation to compare our results with conclusions obtained from other papers.
III. TEXTURE TWO ZEROS A. Texture two zeros
Texture two zeros for the flavour neutrino mass matrix M ij (i, j = e, µ, τ ) have been extensively studied in literature (see for examples [12] [13] [14] [15] ). There are 15 possible combination of two vanishing independent elements in the flavour neutrino mass matrix. If we require a nonvanishing Majorana effective mass for the neutrino less double beta decay and maximal or approximately maximal CP violation, the interesting textures are the following only four [13, 14] (or less [15] )
The texture zeros in the Majorana neutrino mass matrix can be realized by imposing appropriate symmetries on the Lagrangian of neutrino mass models such as an Abelian flavour symmetry (e.g., the cyclic group Z n ) [13, 16] as well as a non-Abelian symmetry [15] . The stability of texture zeros with respect to higher order corrections is protected by these symmetries [13, 17] .
For example, B 1 , B 2 , B 3 and B 4 textures are obtained by imposing the discrete cyclic group Z 3 [13] in the framework of type-I [18] plus type-II [19] seesaw mechanism. There are other symmetry realization of B 1 , B 2 , B 3 and B 4 textures. The B 1 and B 2 textures have been realized by using A 4 or its Z 3 subgroup [20] . The B 3 and B 4 textures have been obtained by softly breaking the L µ − L τ symmetry [21] .
B. Analytical solutions
The mass matrices based on the texture two zeros are good examples to demonstrate the usefulness of the formulae in Eq. (10) and Eq. (11) . For B 1 texture, because of M eτ = M µµ = 0, it is evident that
where a = eµ, µτ, τ τ and j = 1, 2, 3. 
we obtain 
for B 3 texture and 
for B 4 texture. The physical CP-violating Majorana phases α 2 , α 3 depend on the CP-violating Dirac phase δ in all cases of B 1 , B 2 , B 3 and B 4 . Since the mass eigenstate m j is obtained as Eq. (23), the Majorana phase φ j depends on not only δ but also arg(M ee ) as follows;
. (33) On the contrary, the physical CP-violating Majorana phase α j is specified by two combinations made of φ 1 , φ 2 , φ 3 such as
which depends on the CP-violating Dirac phase δ. For example, the function f 1 , f 2 and f 3 are obtained from Eq. (26) 
for B 1 texture. The function of f j for other textures is immediately obtained from Eqs. (28), (30) and (32). The analytical expressions for the flavour neutrino masses, mass eigenstates and the physical CP-violating Majorana phases are obtained exactly. We observed the flavour neutrino masses and mass eigenstates for B 1 , B 2 , B 3 and B 4 depend on M ee (with mixing angles and phases fixed). Also, the physical CP-violating Majorana phases depend on the CP-violating Dirac phase δ. These clear understanding is obtained from the observation based on the formulae in Eqs. (10) and (11).
C. Numerical calculations
Although, we have reached our main goal of this paper to see the usefulness of the formulae, some numerical and semi-analytical calculations may be required to confirm results of our discussions. [13, 14] .
First, we show the consistency between our results and conclusions obtained from other papers. The results from the precise parameter search for M ij [eV] are reported by Dev et al. [13] . For B 1 texture, they obtained
for M ee = 0.10479 + 0.00127i with s • . The predicted values from our exact expression in Eq. (25) are
for the same values of M ee , s • , α 2 = 5.61
• and α 3 = 183.8
• . We have obtained the same masses from our exact expression in Eq. (26) . The similar consistency for the remaining textures, B 2 , B 3 and B 4 is also guaranteed.
Second, we estimate the upper limit of |M ee | by the expression in Eq. (23) with observed data of m ν = j |m j e −iφj |. To calculate f j (θ 12 , θ 23 , θ 13 , δ), we use the following values of three mixing angles [22] 
The octant of θ 23 (i.e. lower octant θ 23 < 45
• ) is still unresolved problem. According to Dev et al. [13] and Meloni et al. [14] , we employ the values of θ 23 given for both octant which are shown in TABLE I. For the CP-violating Dirac phase, the T2K collaboration has reported the result of their new analysis [23] and has shown that the likelihood maximum is reached at δ = 270
• and sin 
The lines for B 1 and B 3 as well as B 2 and B 4 are almost overlapped each other because the neutrino mass spectrum is to be quasi-degenerate as m 1 ≃ m 2 ≃ m 3 t 2 23 for [12, 14] . The upper limit of |M ee | is around 0.05 eV (NO) or 0.06 eV (IO) for maximal CP-violation δ = 270
• . These upper limits are consistent with the result in Ref. [14] .
The theoretically expected half-life of the neutrino less double beta decay is proportional to the effective Majorana neutrino mass m ββ where
The estimated magnitude of the effective Majorana mass from the experiments is |M ee | = 0.20−2.5 eV [25] . In the future experiments, a desired sensitivity |M ee | ≃ a few 10 −2 eV will be reached [26] . Finally, we study the dependence of the CP-violating Majorana phases α 2 and α 3 on the CP-violating Dirac phase δ. In FIG.2 , the upper two panels show the magnitude of α 2 (left) and α 3 (right) for the normal ordering (NO) while the lower two panels show the magnitude of α 2 (left) and α 3 (right) for the inverted ordering (IO). The behaviour of the curves in FIG.2 can be understand by the semi-analytical expressions. For example, we obtain
with the mixing angles in Eq.(39) for B 1 texture in the case of NO (we use lower octant of θ 23 ) and f 1 /f 2 = 2.42 and f 1 /f 3 = −1.19 for δ = 0 • yield α 2 = 0 • and α 3 = 180
• , respectively.
IV. SUMMARY
We have demonstrated the usefulness of flavour neutrino masses expressed in terms of M ee , M eµ and M eτ . The analytical expressions for the flavour neutrino masses and mass eigenstates for texture two zeros are obtained exactly. These flavour neutrino masses and mass eigenstates depend on M ee (with mixing angles and phases fixed). The analytical expressions for the physical CP-violating Majorana phases are also obtained exactly. These phases depend on the CP-violating Dirac phase.
To confirm results of our discussions more concretely, we have discussed the following three subjects based on numerical and semi-analytical calculations: (1) the consistency between our results and conclusions obtained from other papers, (2) the upper limit of the effective Majorana neutrino mass for the neutrino less double beta decay for maximal Dirac CP-violation and (3) the dependence of the CP-violating Majorana phases on the CP-violating Dirac phase.
[1] Y. Fukuda, et al. (Super-Kamiokande Collaboration) FIG. 2. The dependence of the Majorana CP-violating phases α2 and α3 on the CP-violating Dirac phase δ. The upper two panels show the magnitude of α2 (left) and α3 (right) for the normal ordering (NO) while the lower two panels show the magnitude of α2 (left) and α3 (right) for the inverted ordering (IO).
